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Abstract Theoretical analysis of ionic electrostatic
oscillations of a charged cylindrical micelle is presented
within the framework of the fluid theory for surface
counterions of the cell, in conjunction with the Poisson
equation. General expression of dispersion relation is
obtained for electrostatic excitations of system.

Keywords Membrane electrostatics - Biophysics -
Measurement - Electrical aspects/membrane structure

Membranes appear in flat, spherical, tubular or tortuous,
and possibly bicontinuous forms in the cell, depending on
function and composition. The surface of a cell membrane
in aqueous environment becomes negatively charged (Hille
2001). Thus, a thin two-dimensional (2D) layer of mobile
cations is accumulated adjacent to the extra/intracellular
membrane surfaces (Gouy 1910; Chapman 1913; Debye
and Hiickel 1923a, b; Stern 1924; Grahame 1947; Teissié
et al. 1985; Prats et al. 1987; Frohlich 1986; Fisun 1993;
Moradi 2011).

More recently, we calculated the eigenfrequencies of
ionic electrostatic excitations of charged planar and
spherical biological membranes in the hydrodynamic
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approximation, taking into account the strong Coulomb
interaction in the assembly of two thin layers of ions sep-
arated by a lipid membrane (Moradi 2011).

In the present work, we consider a cylindrical micelle
(Israelachvili 1992). Our purpose is to develop the
approximate theoretical model, to study the collective
charge response for surface counterions of the cylindrical
micelles. We assume that we are in the weak electrolytes
regime, so the counterion charges are distributed according
to the Gouy—Chapman model. In the Gouy—Chapman the-
ory (in thermal equilibrium), the counterion charge density
will be a function of counterion distance from membrane
surface, within in the so-called Gouy—Chapman length

2808W kB T

JGe = ;
o q

where Kg is the Boltzman constant and 7 is the ion tem-
perature. Here &, is the dielectric constant of the outside of
the cell, in absence of added salt. Also, g and ¢ = gn, are
the counterion charge and the surface density, respectively.

The model system is a cylindrical cell membrane (as
shown in Fig. 1) with aradius a and dielectric constant &q;; =
2 coming essentially from the closely packed hydrocarbon
(oily) tails. We consider that the surface of the system to
consist of surface counterion fluid superimposed at r = a
with charge ¢ = Ze (Z is the ionic valence and e is the
electron charge). Let us assume that the equilibrium elec-
tronic density of counterion charge fluid over the surface of
the system (per unit area) be ny. The external region of
system (r > a) is characterized by dielectric constant &y, =
ewater = 80. We use cylindrical coordinates x = (r, ¢, z)
and consider plasma oscillations with frequency w along the
cylindrical cell axis z. The homogeneous counterion fluid
will be perturbed by the plasma wave and can be regarded as
a charged fluid with the velocity field u(x, r) and the
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Fig. 1 Cross-sectional view of a cylindrical micelle. The dielectric
constants &y and &, are for the membrane and external region,
respectively

perturbed density (per unit area) n(x, f), where x = (¢, z)
are the coordinates of a point at the cylindrical surface of the
system. Note that the velocity field u(x, #) has only tan-
gential components to the cell surface. Based on the line-
arized hydrodynamic model (Moradi 2011), the counterion
excitations on the cylindrical surface can be described by the
continuity equation

on(x, 1)
ot

and the equations of the linearized momentum
Ze 2

du(x,r) s
= —m—cvq)(x, 1) |r—a —n—OVn(x, 1) = yu(x,1).

+noV -u(x,1) =0, (1)

(2)
Also, by considering the Poisson equation, we have
VO(x,1) =0, r+#a (3)

where O is the self-consistent electric potential and m, is
the mass of the counterion fluid. In the right-hand side of
Eq. 2, the first term is the force on counterion fluid due to
the tangential component of the electric field, evaluated
on the cylindrical surface r = a. The second term is the
force due to the local compression of the counterion 2D
gas, and the last term represents the collision effects of
the carriers, with y being the friction coefficient. s =

\/2kgT /m. is the velocity of density fluctuations in the
charged subsystems.

To solve the system of Eqgs. 1-3, we have to provide
appropriate boundary conditions. We denote ®; and ®,,
the potential in the region r <a, and r > a. These
boundary conditions are given by
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D, (X) |r:a: Q)Z(X) |r:a (4)
and

a(DQ (X) 6CD1 (X) . Ze
Ew or |r:a —&oil or |r:a— _gn- (5)

Assuming a harmonic dependence for all quantities as a
function of time, i.e. or; exp(—iwt). By eliminating the
velocity u(x, 7), one can obtain the following equation
from Eqs. 1 and 2:

2
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Due to the cylindrical symmetry of system, one can replace
the quantities n(x) and ®(x) in Eqgs. 6 and 3 by expressions
of the form

n(¢,z) = nexp(ime) exp(ikz) (7)
and
O(r, $,z) = D(r) exp(ime) exp(ikz), (8)

where m is the integer azimuthal quantum number and k
is the longitudinal wave vector. After substitution, one
finds
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The solution of Eq. 10 in our problem has the general form

&)1(r) =Aul,(kr), r<a

@, (r) = BpKo(kr) (1)

r>a

Substituting Eq. 11 into boundary conditions (Egs. 4 and
5), by using Eq. 9, one can obtain the following dispersion
equation:
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Fig. 2 The dimensionless ionic electrostatic resonances of a charged
cylindrical micelle vs. dimensionless variable kay, when Z =1,
c=gno=1Cm™2 s =227 x 10°m/s, a = 4ap, and y = 0

Formally speaking, the dispersion characteristics of the
electrostatic oscillations along cylindrical micelles is
dependent on the radius of the system, the wave number,
the angular momentum, and the friction coefficient.

To clearly see behavior of the dispersion relation for the
electrostatic oscillations, we plot dimensionless frequency
wlwyy versus dimensionless variable kag (ap = 1 nm) in
Fig. 2, for a cylindrical micelle characterized by a = 4ay
and different values of m, when wgo = 7%e%ng/eomeay,
Z=1,0=gng=1Cm>2 m. =167 x 107" kg, s =
2.27 x 10° m/s, and y = 0. One can see that the dispersion
curves w/wpy for the system continue to increase with
increasing value of kag for all m.

In summary, we have calculated the eigenfrequencies of
ionic electrostatic excitations of a charged cylindrical
micelle in the hydrodynamic approximation. The interac-
tion between the carriers has been described in terms of

self-consistent electric field in the non retardation limit.
These surface-charge oscillations may play a fundamental
role in the dynamic response of cell biology to electro-
magnetic radiation.
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